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Abstract
Following the pressure of Hermite in 1865 and Heine in 1868, the name of Rodrigues was deﬁni-
tively associated to his famous representation given in 1815. In this paper, we precise the contribution
of Rodrigues, proving that his formula not only generates the Legendre polynomials, but also spe-
cial Gegenbauer polynomials and even the corresponding second kind functions, which are never
mentioned. The links with Hildebrandt polynomials and with the Bell polynomials are also brieﬂy
examined.
 2005 Elsevier GmbH. All rights reserved.
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1. Introduction
Benjamin-Olinde Rodrigues, born in Bordeaux in 1795, October 6, was only 19 years
old when he defended his thesis at the University of Paris (Sorbonne). Mathematical theory
of gravitation was still in its infancy at that time and Rodrigues gave an important tool for
representing fundamental solutions of the Laplace equation. Rodrigues died in 1851, after
a career more devoted to the sociological movement called ‘Saint-Simonisme’ [23] than to
∗ Corresponding author. Tel.: +32 10 47 34 07; fax: +32 10 47 25 30.
E-mail addresses: ronveaux@math.ucl.ac.be (A. Ronveaux), mawhin@math.ucl.ac.be (J. Mawhin).
0723-0869/$ - see front matter 2005 Elsevier GmbH. All rights reserved.
doi:10.1016/j.exmath.2005.05.001
362 A. Ronveaux, J. Mawhin / Expo. Math. 23 (2005) 361–369
mathematical research, although he also contributed to differential geometry, combinatorics,
and solid mechanics (Euler–Rodrigues parameters).
A short story of the Rodrigues formula is presented here, claiming that his original
contribution, ignored already during a half century, remains up to now wrongly presented
and restricted to a formula on Legendre polynomials.
2. Legendre polynomials
The Legendre polynomials Pm(x) of degree m [17] were deﬁned for the ﬁrst time by
Legendre in 1785 through the generating function
∞∑
m=0
Pm(x)t
m = (1 − 2xt + t2)−1/2 (1)
from which the Legendre differential equation
(1 − x2)P ′′m(x) − 2xP ′m(x) + m(m + 1)Pm(x) = 0 (2)
can be easily deduced.
Many books mention that Olinde Rodrigues gave the representation of Pm(x) as the mth
derivative of a polynomial of degree 2m
Pm(x) = (−1)
m
2mm!
dm
dxm
(1 − x2)m. (3)
Such representation was extended later [5,6,19,20,26] to the polynomial solutions of the
continuous hypergeometric equation
L[z](x) := (x)z′′(x) + (x)z′(x) + mz(x) = 0, (4)
the discrete hypergeometric equation
(x)%z(x) + (x)z(x) + mz(x) = 0 (5)
and the q-discrete hypergeometric equation
(x)DqDq−1z(x) + (x)Dqz(x) + mz(x) = 0 (6)
with (x) a polynomial of degree at most 2, (x) a polynomial of degree 1, z(x)= z(x +
1)−z(x),%z(x)=z(x−1),Dqz(x)=[z(qx)−z(x)]/(q−1)x, m appropriate constants.
3. Rodrigues dissertation
Many references on the Olinde Rodrigues contribution like [6,20,26] do not mention his
thesis of 1815, published in 1816 [22], in which he derived a ‘Rodrigues representation’
not only for Legendre polynomials, but also for the nth derivatives of Legendre polynomi-
als, known as special Jacobi polynomials P (n,n)m−n (x) [26], called Gegenbauer polynomials
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C
(
n+ 12
)
m (x) = KnP (n,n)m (x) [26] (see the deﬁnition after Eq. (18)). Even more, Rodrigues
gave a representation for a second solution of the differential equation
(1 − x2)z′′n − 2(n + 1)xz′n + (m − n)(m + n + 1)zn = 0, (7)
satisﬁed by the nth derivative of Legendre polynomials
zn := d
n
dxn
Pm(x) = JnP (n,n)m−n (x),
a fact completely ignored in textbooks (Jn and Kn are suitable constants). In the second
part of his dissertation, Rodrigues arrived to the associated Legendre equation
(1 − 2)d
2yn
d2
− 2dyn
d
+
[
m(m + 1) − n
2
1 − 2
]
yn = 0, (8)
through an ad hoc separation of variables in polar coordinates of the Laplace equation
[
2
x2
+ 
2
y2
+ 
2
z2
]
T = 0. (9)
The radial part of the solution T introduces the integer m, the cyclic part introduces the
integer n, and yn = yn() with  = cos . For n = 0, Eq. (8) reduces to Eq. (2).
Rodrigues simpliﬁed Eq. (8) with the change of unknown yn = (1−2)n/2xn (Rodrigues
notations) obtaining Eq. (9) of Rodrigues [22]
(1 − 2)d
2xn
d2
− 2(n + 1)dxn
d
+ (m − n)(m + n + 1)xn = 0 (10)
for the function xn = xn() of degree m − n. In modern notations [26], the yn() are the
associated Legendre functions Pnm(cos ) or Qnm(cos ) (where n and m are interchanged),
choosing n<m (P 0m(cos ) = Pm(cos )).
In his proof [22], Rodrigues noticed that one can eliminate the dpxn/dp ≡ x(p)n term,
by taking the p derivatives of Eq. (10), multiplying them by (1 − 2)n+p, and choosing
p = m − n. So Eq. (10) becomes
d
d
[
(1 − 2)m+1x(m−n+1)n
]
= 0 (11)
from which one obtains
x(m−n)n = A + B
∫ d
(1 − 2)m+1 (A,B arbitrary constants). (12)
Relation (11) gives also links between xn and x(1)n , x(1)n and x(2)n , . . . , which allows to write
after simpliﬁcations
xn = [(1 − 
2)mx(m−n)n ](m−n)
(1 − 2)n Km,n (Km,n constants). (13)
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Now, using Eqs. (12) and (13), Rodrigues gives the general solution of Eq. (10)
xn =
{
(1 − 2)m
[
C + D ∫ d
(1−2)m+1
]}(m−n)
(1 − 2)n (C,D arbitrary constants). (14)
Of course,whenn=0, relation (14) gives the general solution of the correspondingLegendre
differential equation (2).
A summary of this proof by Rodrigues is well explained in [9], except that the two basic
relations (12) and (14) are not properly written. In fact, integration of equation 651.13 of
Grattan-Guiness [9], equivalent to Eq. (12) is not correct, and equation 651.14 of Grattan-
Guiness [9], equivalent to Eq. (14), repeats a typographical error already appearing in
Rodrigues thesis (the exponent in the integral in Eq. (13) ism+1 and notm+2). Interesting
historical comments appear also in [27].
Relation (14) emphasizes clearly that thisRodrigues representation of thegeneral solution
of the Jacobi differential equation for P (n,n)m−n (x) goes beyond the Rodrigues representation
for the Legendre polynomials!
4. Extensions
Rodrigues proof cannot be easily extended to the full hypergeometric equation (4) be-
cause m and n must be integers in the technique used in his proof. Of course, Rodrigues
representations for the general Jacobi, Laguerre and Hermite polynomials were obtained
a long time ago, either using the orthogonal character of these polynomials, or checking
an explicit representation of these polynomials with the expansion of an ad hoc Rodrigues
formula using the Leibniz rule! Ivory [13] was probably the ﬁrst one to use the orthogonality
of Legendre polynomials
∫ +1
−1
Pn()Pi() d = 0 (n< i),
in order to get ‘almost’ the Rodrigues formula (3) in 1811. Ivory apparently stopped his
proof at the level
∫ +1
−1
(1 − 2)nP (n)i () d = 0.
But a Rodrigues representation of the general solution of the hypergeometric equation (4)
can be easily obtained from (x), the integrating factor of (4), solution of the corresponding
Pearson equation
[(x)(x)]′ = (x)(x), (15)
which allows to rewrite Eq. (4) in the form
[(x)(x)z′(x)]′ + (x)z(x) = 0. (16)
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From the second-order differential equation satisﬁed by [(x)n(x)](n) and the property
L∗[y] = L[y], L∗[z] = (z′)′ − (z)′ + z (, y, z ∈ C2), (17)
the general solution of Eq. (1) can be written as
y(x) = C1
(x)
[
(x)n(x)
](n) + C2
(x)
[
(x)n(x)
∫ dx
(x)n+1(x)
](n)
. (18)
The polynomial part of this equation (whenC2=0) is a convenientway to deﬁne nowall clas-
sical polynomials like Jacobi polynomials P (,)n (x), when (x) = 1 − x2,
(x) = (1 − x)(1 + x) and Gegenbauer polynomials Cn(x), when (x) = 1 − x2,
(x) = (1 − x2)+1/2.
The solution formula (18), easily extended to difference or q-difference hypergeometric
equation as shown in [1], was already obtained in 1943 by Vicente Gonçalves [8], in a
forgotten paper (without references) rediscovered by Branquinho [4], using essentially a
technique equivalent to the introduction of the formal adjoint L∗ of L. However, an
arbitrary polynomialN(x),with degree smaller or equal ton, appears inGonçalves formula,
but must be of degree zero if we impose the validity for all n. With this choice, Gonçalves
formula [8] reduces to Eq. (18).
Of course, Eq. (18) applied to Eq. (10) with ()= (1−2)n reduces to Rodrigues result,
remembering that the polynomial part of Eq. (14) is of degree m − n.
The proof given by Ivory and Jacobi (in French!) is quite interesting. Using the Lagrange
inversion formula solving the equation
y − x = tF (y)
with F(y)= 12 (y2 − 1), they showed that (dy/dx)(x, t) is the generating function (1). The
Lagrange formula gives
y(x, t) − x =
∞∑
n=1
tn
n!
dn−1
dxn−1
[F(x)]n
and by differentiation
dy
dx
(x, t) = 1 +
∞∑
n=1
tn
n!
dn
dxn
[F(x)]n.
On the other side, y − x = (t/2)(y2 − 1) which gives
1 − ty =
√
1 − 2xt + t2.
Now, the derivative with respect to x, compared to the previous one, gives, up to a trivial
change of sign, the relation (3).
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5. Hildebrandt’s polynomials
Rodrigues anticipated also results given 100 years later in the thesis of Emmanuel Henri
Hildebrandt [12], on the Pearson’s curve y(x) solution of Pearson’s differential equation
(equivalent to Eq. (15))
1
y
dy
dx
= a0 + a1x
b0 + b1x + b2x2 ≡
N
D
=  − 
′

(y = ) (19)
(see references in [12]). Beside the polynomials of degree m
Pm(x) := 1
y
dm
dxm
(Dmy),
polynomial parts of Rodrigues formula, Hildebrandt introduced the polynomials
Pm(x; k) := 1
y
Dm−k d
m
dxm
(Dky) (20)
with of course
Pm(x;m) = 1
y
dm
dxm
(Dmy) = Pm(x).
As already noticed by Hildebrandt, Shohat [25], Beale [2] and later by Belmehdi [3],
these polynomials are Appell polynomials P ′m+1(x; k) = Am,kPm(x; k) (Am,k constants).
Pm(x; k) satisﬁes the following differential equation:
(x)v′′ + {(x) + (k − m)′}v′ + m,kv = 0 (21)
with
m,k = −m
(
′ + ′′
(
k − m + 1
2
))
,
obtained from (4) after k−m derivations. If k−m> 0, Pm(x; k) in Eq. (20) is the (k−m)th
derivative of Pk(x). But, if k − m< 0, it is the opposite: Eq. (21) derived m − k times
reduces to Eq. (7), and generates the ‘primitive polynomials’ [3].
In Shohat’s notation, these Appell properties are written as P ′n(x; ) = AnPn−1(x; ),
 being the integrating factor of the P ′n family. For the ‘primitive polynomials’, we obtain
P ′n(x; /) = BnPn−1(x; ). These relations are also true for the solution of second kind
Qn(x; k) of Eq. (21).
Let us notice that in the 60 pages of his thesis, Hildebrandt never mentioned in 1931
the name of Rodrigues, even to deﬁne the Jacobi polynomials as in Eq. (18)! The main
reference in Hildebrandt’s thesis is the classical book of Courant and Hilbert “Methoden
der Mathematische Physik,” vol. I, published in German in 1924, in which the name of Ro-
drigues does not appear. Rodrigues however is quoted in Ince’s book “Ordinary Differential
Equations” (1926) and in Whittaker and Watson’s treatise “Modern Analysis” (1903).
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6. Jacobi transformation
In order to transform the integral
∫ 	
0 cos(x cos ) sin
2n() d met by Poisson, into an
integral representation of a Bessel function [28], Jacobi used and proved the so-called Jacobi
transformation (not to be confused with the Jacobi transformation for elliptic functions)
dn−1 sin2n−1()
dn−1
= (−1)n−1 1 · 3 · 5 · · · · · (2n − 1)
n
sin n (22)
with  = cos .
There exists a large number of proofs of this relation, well described in the Introduction
ofWatson’s book on Bessel functions [28]. Jacobi’s proof [15] is rather surprising.Whereas
Leibniz formula for the derivative of a product was obtained in 1678, Jacobi computes the
derivative in the left-hand side of (22)
dn−1
dn−1
[(1 − )n−1/2(1 + )n−1/2] (23)
using a very complicated formula proved in three pages by Lacroix [16]!
From the general formula (18) restricted to polynomials, it is trivial to check that the Jacobi
transformation is nothing else than Rodrigues formula for the Tchebychev polynomials of
second kind Un−1() = sin n/sin ,  = cos , () = (1 − 2)1/2, () = 1 − 2 [26].
Priority problems about Rodrigues representation are somewhat complicated and brieﬂy
explained in [10]. Formula (3) was known as Ivory–Jacobi formula until 1868 where the
authority of Heine [10] imposed the name of Rodrigues after a note in a paper of Hermite
in 1865 [11], emphasizing the Rodrigues result in Eq. (3)
Mais bien avant, et dès 1815, un homme du mérite le plus distingué et dont la mémoire
est restée chère à de nombreux amis, M. Olinde Rodrigues, y était parvenu dans une
Thèse sur l’attraction des sphéroı¨des, présentée à la Faculté des Sciences de Paris.
A wrong reference appears also in a problem book published by Frenet [7], crediting
the result (22) to O. Rodrigues, still present in the 7th edition of 1917. To summarize, total
confusion existed at that time in all of these ‘Rodrigues representations’of hypergeometrical
polynomials as given by Eq. (18). Rodrigues proved the full relation (18) for = (1−2)n,
n integer or 0, respectively ( =  = n case of Jacobi, and n = 0 case of Legendre) but
is only credited for Eq. (3) ( = 1). Jacobi is credited for Eq. (22) which corresponds to
 = (1 − 2)1/2, but proved also later relation (3) with Ivory [14], which increased the
confusion indicated above.
Rodrigues formula should be referred properly with correct citation of his dissertation
and with respect to the full content of his result.
7. Leibniz formula, Rodrigues formula and Bell polynomials
The Leibniz formula giving (fg)(n) plays of course a big role in Rodrigues formula
(18), but was not really used like it is now in the work of Lacroix [16], Jacobi and Ivory
(see before). Strangely enough, integrals ∫ b
a
fg(n) dx were often reduced by successive
integrations by parts to
∫ b
a
f (n)g dx with f (k)(a) = f (k)(b) = 0 (k = 1, . . . , n − 1).
368 A. Ronveaux, J. Mawhin / Expo. Math. 23 (2005) 361–369
But the full representation of the polynomials pn = 1/[n](n) using Leibniz formula
requires a formula giving (k)/ in terms of ′/=(−′)/ in order to eliminate =(x).
Rodrigues formula forpn=pn(x) can therefore be rewritten, using special Bell polynomials
[21]
Fn(x) := Yn(y1, y2, . . . , yn) = e−y(x) d
n
dxn
ey(x), yk := y(k)(x),
which satisfy the following recurrence relation
F0(x) = 1, F1(x) = y1(x), Fi(x) = F ′i−1 + Fi−1(x)F1(x). (24)
The interest of this choice ofFn(x) comes from the following obvious property: if y1=′/
(y = log ), then Fi = (i)/. Using Eq. (24), Rodrigues formula is replaced now by the
(awful!) formula (see also [24])
pn(x) = Rn
n∑
i=0
(
n
i
)
[n(x)](n−i)Fi(x), (25)
which shows the price to be paid for searching too large generality: a unique formula
representing all classical polynomials in terms of (x) and (x).
As a ﬁnal remark, let us emphasize the fact that Rodrigues representation has nothing
to do with orthogonality, but with the hypergeometric character of the used Eqs. (4)–(6),
forcing any ‘derivative’ solution z′, z or Dqz to be solution of another hypergeometric
equation.
To be exhaustive, let us mention that there exists more general hypergeometric equations
on nonlinear lattices x(s) containing both Eqs. (5) and (6) for which x(s)= s (discrete case)
and x(s) = qs (q-discrete case) [18,19]. An appropriated divided–difference operator
z(x(s))
x(s)
= z[x(s + 1)] − z[x(s)]
x(s + 1) − x(s)
allows to build Rodrigues formula for solutions of these important equations.
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